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Abstract 

A gauge theory of gravity is defined in 6 dimensional non-commutative space-time. 
The gauge group is the unitary group U(2, 2), which contains the homogeneous Lorentz 
group, 50(4,2), in 6 dimensions as a subgroup. It is shown that, after the Seiberg- 
Witten map, in the corresponding theory the lowest order corrections are first order 
in the non-commutativity parameter 9. This is in contrast with the results found in 
non-commutative gauge theories of gravity with the gauge group SO(d, 1). 
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1 Introduction 



Non-commutative (NC) space-times in which the space and time coordinates do not com- 
mute with each other, 

[a^, x u ] = iQ» v (x) , (1) 

unlike in an ordinary space-time, have caught the imagination of physicists since Heisenberg. 
In 1947 Snyder published the first papers that discussed physics in such space-times pp. 
Since then there has been several interesting ideas on how to define physics on manifolds 
with NC geometry. This interest in defining gauge and gravity theories in NC space-times 
has considerably intensified in recent years since the seminal paper of Seiberg and Witten 
[2]. Although the formulation of non-commutative gauge theories is well established [3], 
the Einstein's theory of gravity or other gravity theories proved to be much more difficult 
to be deformed into versions in NC space-times. These so called NC Gravity theories 
suffer from the problem of not knowing how to deform general coordinate invariance and 
Lorentz symmetry of gravity theories into NC space-times. There has been several different 
approaches over the past, both before the paper of Seiberg and Witten and the after (see 
[I] and references therein) . One approach of Chamseddine [5 J is to define gravity as a gauge 
theory of a large group (this is [7(2, 2) in [5]) which contains the inhomogeneous Lorentz 
group, ISO(3, 1), of general relativity as a subgroup. This [7(2,2) group is then broken into 
SL(2, C) x SL(2, C) by imposing some constraints and this way one obtains a version of NC 
gravity in 4 dimensions. One other approach is to twist the diffeomorphism symmetry of 
general relativity [6] and write the transformation rules in the enveloping algebra. However 
as noted in [7] the so called twisted transformations are not bona fide physical symmetries 
in the sense that one cannot derive Ward identities or Noether currents from the action 
by using them. However, the star-gauge transformations, which are obtained by simply 
deforming commutative theory gauge transformation rules by insertion of star products, are 
bona fide physical symmetries in the sense described above. Therefore a gauge theory of 
gravity might be an answer to above mentioned problem. Such a theory in 4 dimensions 
is described already by Calmet and Kobakhidze in [8]. There in order to escape from the 
non-invariance issue of = i9* LV under diffeomorphisms (since 9^ u is a constant tensor) 

the NC version of unimodular theory of gravity [9] is advertised. One common feature of 
all the above theories is that the NC gravity action can be written as the usual Einstein- 
Hilbert action plus infinite number of corrections in a power series of 9. The NC gravity 
theory of Calmet and Kobakhidze [8] is based on gauging inhomogeneous Lorentz group in 
4 dimensions and as noted by Mukherjee and Saha in [10] the first order corrections in 9 
in that theory vanish. Actually Mukherjee and Saha's work has more general conclusions: 
in any dimensions with a single time coordinate, a NC gravity theory based on gauging 
inhomogeneous Lorentz group, ISO(d, 1), the first order corrections will vanish. The second 
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order corrections in 9 as calculated in |TT] have very complicated structure. This is a similar 
situation in other approaches too: the simple first order correction terms in 9 vanish and 
complicated second order corrections survive. 

Therefore cosmological implications of these NC gravity theories are hard to determine. 
The complexity of the lowest order correction terms in 9 to the general relativity field equa- 
tions prevents one to seek exact solutions or to derive modified Friedmann equations. In 
this paper we are going to report a new construction of NC gravity which has lowest NC 
corrections to the Einstein's equations proportional to 9 and moreover these corrections are 
relatively less complex than the non-vanishing lowest order 9 2 corrections in other NC grav- 
ity theories. This theory will thus be better suited to be used to determine the cosmological 
implications of a NC gravity theory. 

Since the NC gauge theories are much more well defined than the NC versions of general 
relativity, we are going to define the NC gravity theory as a gauge theory of gravity in 
the way of Utiyama[12j. However, as will be explained below, the correction terms contain 
the d-coefficients of the anti-commutation relations between the generators of the gauge 
group. If one requires the gauge algebra to be closed also in the anti-commutation relations, 
then the gauge group can only be a unitary group. In the formulation of general relativity 
by Utiyama one gauges the homogeneous Lorentz group. The unique case in which the 
homogeneous "special orthogonal" Lorentz group of a Lorentzian space-time is isomorphic 
to a special unitary group is the Lorentz group in 4 space and 2 time dimensions: 



However, anti-commutation relations of the generators of su(2, 2) do not close in the algebra. 
But the generators of u(2,2) do. Therefore the group that we are going to gauge is [7(2,2) 
in 6 dimensions. Gauging a group larger than the inhomogeneous Lorentz group might 
seem going out of Utiyama's formalism at first, however, as will be seen, the contributions 
coming from the U(l) part to the action and the equations of motion will all vanish. It 
should be pointed out that our construction is different than the one by Chamseddine. In [5] 
Chamseddine gauges the unitary group in 4 dimensions and immediately breaks the gauge 
group into SL(2, C) x SL(2, C) by imposing some constraints. Here we describe the theory 
in 6 dimensions, we do not impose any constraints and also the form of the action is different. 
As with the diffeomorphism symmetry we are going to adopt the prescription given in [8]. 
That is the NC gravity theory, that we will be describing, will be a unimodular gauge theory 
of gravity. The NC gravity theory described in this paper can be reduced to 4 dimensions 
either by two time physics [13J methods as in [14J or by considering a brane-world model in 
codimension 2. However, since there is an extra time dimension among the extra coordinates, 
the codimension 2 brane-world scenarios would need to be modified accordingly. 
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2 NC Gravity Theory in 6 Dimensions 



There are several different ways to write the Einstein's theory of gravity as a gauge theory 
[12j[15j[16j. One can gauge either the homogeneous or inhomogeneous Lorentz groups, or a 
gauge group which contains either of these. In the latter situation one then imposes some 
constraints to obtain the Einstein-Hilbert action. In this paper we will use the Utiyama's 
formulation [12] in which one gauges the homogeneous Lorentz group. We will also not 
impose the torsionless condition beforehand, and therefore we will let the spin connection 
to be a independent field until the end. Then we will see that even though the NC torsion 
vanishes, the commutative torsion does not. Having the spin connection as an independent 
field is called Hilbert -Palatini formalism [17J. The Hilbert -Palatini action in 6 dimensions 
can be written as 

Su = -A f d & xee™e n b R mn ab {u) (3) 
1 / Af" 11 '"" 1 *? p ai p a2 p a ' A p ai R a5a6 (uj) (A) 
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where indices from the middle of the alphabet, rrii = 1,...,6, are for the curved space 
coordinates and indices from the beginning of the alphabet, ai = 1, . . . , 6, are for the tangent 
space coordinates. Here kq is related to the 6 dimensional Newton's constant and the Planck 
mass by k\ = 8tvGq = M§ . The Riemann tensor in terms of spin connection is given by 

Rmn afc (<^) = d m U n ab — d n UJ m ab + UJ m aC UJ n c & — <^n ^roc & • (5) 

In Utiyama formalism one takes the spin connection as the gauge field of the homogeneous 
Lorentz group. We would like to deform this action into a NC gravity action in the standard 
way. That is we are going to replace each field with its NC counterpart and also replace 
each product with a star product. The star product that we are going to use is the Moyal 
product with 9 mn constant. However, as we will comment in the last section, one can use 
more general forms of star product. 

So we write the NC gravity action as 

Snc= ~^iS d " x eW1 " me €ai - a6 Ci * c > * Cs * c * km5m * asa6 M ' (6) 

where _^ 

^ =e {d m B^d n (7) 

Now we would like to write this theory in terms of a commutative theory to see what 
corrections, if any, non-commutativity of space-time brings to the field equations of general 
relativity. Since we are gauging only the homogeneous Lorentz group, we might as well take 

e a = e a (8) 
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However, the gauge field in the NC theory should be related to the gauge field in the 
corresponding commutative theory through Seiberg-Witten map, which requires the gauge 
orbits in NC theory and the commutative theory to be the same. The Seiberg-Witten map 
written for the spin connection is 

Cj m a \u) + 5 x u m ab (u) = u m ab (u + 5 x u) . (9) 

Infinitesimal transformation of commutative field uj m ab is given by 

S\to m a — d m X ab + co m ac X c b — oj m bc \ c a , (10) 

For the deformed field one assumes the same form, however with every commutative theory 
object is exchanged with the corresponding NC theory object as follows 

&\&m ^ — d m A + U3 m aC -k X c b — X -k U mc b . (11) 

In order to find a solution to eq.©, in [3J [18] both the gauge field and the gauge transfor- 
mation parameter are written in a series expansion in the deformation parameter 9 as 

co m ab = u m ab + J* ab (uj) + o (e 2 ) , (12) 

" X ab = X ab + A W a&( Aj uj) + (9 2 ) , (13) 

where ab (u) and X Wab (X,uj) are order 9 quantities. Then a solution to eq.flH]) to first 
order in 9 is found to be [3], [18] 

u m ab = u m ab - l -9 kl {u k , d x u m + R lm } ab + O (9 2 ) . (14) 
The deformed Riemann tensor is given by the usual prescription, 

Rmn ab (£>) = 9 m U n ab — d n Ul m ab + LO m aC * UJ nc b — UJ n ac -k ib mc b . (15) 

Up to first order in 9 this can be easily calculated: 

p ab p ab , p ab ( A P,\ 



° 1 
p ab _ 



, ab 1 



{R^RmY - - {uJ k , (di + V,) Rmn} 



(17) 



^ hi d b ^ d b 

= -9 kl R m k cd R n i e ^dcd, e f ab — -^9 pr Uk cd (di + Vj) R mn e ^d c d, e f ab , (18) 

where d^ef ab are the d-coefficients of the gauge group. We name R mn ab as the deformed 
curvature tensor. Plugging these expression into the NC gravity action, one obtains up to 
the first order in 9 



Snc = -g^| j d 6 x e m -- m ° e ai ... a6 < e" e* < (i^ 5W6 «*(a;) + R m , me <^))l9) 
d 6 x e e™ e n h (i? m „ ab (u) + R mn ° V)) (20) 
d 6 xe (r(u) + R(u)) , (21) 



^6 
1 

1 
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where we have made the definition 



R(Lo) = e™e%R mn ab (u). (22) 

We are going to call this quantity as the deformed curvature scalar. 

Next we would like to calculate the d-coefficients of the gauge group £7(2,2) and show 
that not all parts of the above NC correction term, i.e. deformed curvature scalar, vanish. In 
order to calculate the d-coefficients of anti-commutation relations of the algebra u(2, 2) we 
used the isomorphy it(2, 2) ^ CI (2, 2) = o(4, 2), where the CI (2, 2) is the Clifford algebra, 
generated by 4 gamma matrices [18] [TH]. Denoting the so(4, 2) generators as i ab one can 
write their commutation and anti-commutation relations from the corresponding relations 
in u(2, 2) = CI (2, 2) . j ab obey the Lorentz algebra in 6 dimensions: 

[lab, led] = 2rj ad 7 bc + 2i] bc j ad - 2rj ac j bd - 2r) bd lac , (23) 

where rj ab = sign (+,—,—,—,+, — ). One can write the anti-commutation relations and 
calculate the d-coefficients from the corresponding expressions in u(2,2) = CI (2,2). We 
find them as 

{lab, led} = 2ie abcd ef ie f + 2 (g ad g bc - g ac g bd ) I . (24) 

It is in this relations that one sees the need to gauge u(2,2) = o(4,2), but not su(2,2) = 
so(4,2). The u(l) part explicitly appears on the right hand side. Plugging the expression 
for d-coefficients into (HEP we find the deformed Ricci scalar (1221) as 



it M = -0e e — (j^ JU. " ^ (8, + A) iV-) " M" [IU °> . (25) 

By using the anti-symmetry of 9 kl tensor and the symmetry properties of the Riemann tensor 
as in [10], it can be shown that the last term vanishes. Thus, up to order 9, the NC correction 
term is 

R ( Cu ') = —9 kl e e prstuv ^R p kst Rriuv — ~^kst (di + D{) R prU v*j ■ (26) 

To obtain the deformed Einstein field equations we plug (126]) into the action (1211) and 
then vary it with respect to e™. We obtain 

R mn {uj) + R mn {uj) - l - (r(u) + R{uj) g m n = (27) 

as the deformed Einstein field equations in vacuum. Here we also defined a deformed Ricci 
tensor as 



Rmn (<^) — Rmr ° (^) ^ e na (28) 

= -6»e e m — (j^ R rluv - \u k8t (ft + A) i^J • (29) 
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The field equation ( 1271) has a very simple form and since the NC correction terms R mn {oj) and 
R(u)g mn are first order in 9, they are also not very complicated. We note that the existence 
of these non-trivial first order 9 corrections to equations of motion in our NC gravity theory 
is due to the fact that we are gauging the SO(A, 2) group, but not the SO(5, 1) group. 

The equation (127")) is the main result of this paper. But before commenting on this 
equation we would like to discuss the torsion induced due to the non-commutativity of the 
coordinates. As it is stated we work in the Hilbert-Palatini formalism and therefore we 
treat the spin connection independent of the vierbein degrees of freedom. Then we need also 
to vary the action ([6]) with respect to the NC spin connection. This variation gives us the 
"non-commutative" torsionless condition 

D [m e a n] =0, (30) 

which is, due to (|S]), equivalent to 

D[m <] = d [m e a n] + Co [m ab e n]b = . (31) 

Writing the spin connection of NC theory in terms of spin connection of commutative theory 
up to order 9 (|I4"I) we find 

d[m e*j + uj[ m a e n ]b — -9 {u k ,diU[ m + Ri[ m ] e n ] b = . (32) 
Then the torsion of the corresponding commutative theory is 

Tmn a = —2D[ m e£j = — -9 {uk, diU[ m + Ri[ m } e n ]& , (33) 

where we used the convention of [19J. Therefore there is a non-vanishing torsion in the 
commutative theory and it is proportional to the non-commutativity tensor. In a sense the 
non-commuting nature of the coordinates creates this torsion. 

3 Comments and Conclusions 

We summarize the main aspects of the construction presented in this paper before comment- 
ing on the main results. We defined a gauge theory of gravity in 6 dimensional space-time 
with non-commuting coordinates. The reason that we formulated the gravity theory as a 
gauge theory is because the deformations of gauge theories is much better defined than the 
deformation of gravity theories. The non-invariance of the constant tensor 9^ u forces one 
to consider the unimodular theory of gravity in NC space-time as in [Hj. We followed the 
Utiyama's approach in formulation of gauge theory of gravity and chose the gauge group as 
the homogeneous Lorentz group in 6 dimensions. This group, being 150(4,2), is isomorphic 
to the special unitary group SU(2, 2). In NC gauge theories, after the Seiberg-Witten map, 
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the corrections to the gauge field (here the spin connection) or to the field strength (here the 
curvature tensor) contain the d-coefficients of the anti-commutation relations of Lie algebra 
generators and those anti-commutation relations close only in the case of unitary groups. 
Therefore we gauged £7(2,2) instead of SO(4, 2). In fact the reason that we worked in 6 
dimensions after all is due to the fact that only in 6 dimensional Lorentzian space-time with 
4 space and 2 time dimensions the homogeneous Lorentz group is isomorphic to a unitary 
group. For space-times whose homogeneous Lorentz group is SO(d, 1) it is already shown 
[TO] that the first order corrections in 9 of NC gravity to Einstein-Hilbert action vanish. In 
contrast in our construction those corrections do not vanish. Since in the other construc- 
tions the second order corrections in 9 of NC gravity to the Einstein-Hilbert action or to the 
field equations are very complicated, there is little hope to see the effects of those correction 
terms in a cosmological setting. However, the first order corrections in our case are relatively 
simple and might have some relevance on the cosmological problems. 

To make contact with cosmology and to assess the effects of non-commutativity of coor- 
dinates on cosmology through NC gravity one needs to reduce the theory, that we described 
in 6 dimensions, into 4 dimensions. This can be done in several ways. Since this theory 
is described in a space-time with two time dimensions, one way is to use the techniques 
of two-time physics [13] as described in [14] (see also [20] for similar ideas). Having two 
time-like directions in the space-time might seem, at first look, unphysical. To make sense 
of such a theory one needs to derive a "one-time" theory from the theory with two time-like 
dimensions. The basic idea behind the two-time physics (see [21] for reviews of two-time 
physics) is that the "evolution parameter" which will be interpreted as the physical time 
in lower dimensional one-time theory is either a gauge choice in the higher dimensional 
two-time theory (in the case of particle and tensionless brane theories), or it is obtained by 
imposing some kinematical constraints (in the case of field theory). That is we do not inter- 
pret any of the time-like coordinates in space-time with two times as evolution parameters. 
The true evolution parameter, therefore the physical time, is the coordinate one obtains as 
a gauge choice in the subspace of two time and one extra space dimensions. Time is also 
a gauge choice in general relativity and in that sense the treatment of time in two-time 
physics is similar. In the case of particle theories, the gauge symmetry that one uses to 
reduce a two-time theory to a one-time theory is the Sp(2, R) symmetry of the phase space, 
promoted to a local symmetry. In the case of field theories defined on space-times with two 
times, the kinematical constraints, that one needs to impose in order to obtain a physical 
field theory with one time, obey the same Sp(2, R) algebra. The two-time physics is the 
only rigorous way to make sense of a theory defined on a space-time with two time-like 
coordinates. The problems with causality and unitarity do not exist in two-time physics, 
because the final theory has only one time as the evolution parameter with a well defined 
Hamiltonian. Two-time physics reduction of the present theory will be done in a future 



publication. The result of that research is expected to be a non-trivial modification of the 
Einstein equations in 4 dimensional space-time with NC corrections in the first order in 9. 

One other way of reducing the theory to 4 dimensions is to consider a brane-world model 
in codimension 2 and to find the induced gravity field equations or the modified Friedmann 
equations on the 3— brane. Here again due to having two time-like dimensions one cannot 
construct a conventional codimension 2 brane-world model, but should consider embedding 
a 3— brane into a space-time with two times. Isometric embedding of BPS branes in space- 
times with two times is analyzed some time ago by L. Andrianopoli et al. in [22]. As it is 
commented there the minimal embedding of world-volume geometry of a genuine BPS brane 
of string theory in a higher dimensional space-time requires at least two extra dimensions 
[23] and that the higher dimensional space-time has to have at least two time-like dimensions 
[24] . Therefore 6 dimensional space-time with two times is the minimal choice to embed a 
BPS 3— brane of string theory [22]. Done either with the methods of two-time physics or 
by embedding a BPS 3— brane in the 6 dimensional space-time with two times, the main 
aim of reducing the theory to 4 dimensions would be first to determine what modifications 
of the NC gravity theory described in this paper will survive in 4 dimensions and then how 
this modifications of Einstein equations will modify the Friedmann equations and therefore 
the evolution of the universe. Specifically we would like to understand whether the non- 
commutativity of the coordinates and the NC gravity has anything to say about the still 
unsolved dark matter and dark energy problems. Modified Friedmann equations could be 
the first step in the direction of such an understanding [23] . 

Defining NC gravity theory in a higher dimensional space-time opens up also exciting 
new possibilities. Now it is possible to have just the extra dimensions non-commutative 
and therefore get rid of all the problems created in 4 dimensions by the non-commuting 
nature of the coordinates. In such a scenario, since 4 dimensional space-time would be 
an ordinary space-time with commuting coordinates, the breaking of Lorentz invariance 
in 4 dimensions could be avoided and stringent bounds [26] [27] on the value of the non- 
commutativity parameter 6 could be lifted. 

As it is commented before eq.Q the star product need not to be the Moyal product ([7]). 
More general forms of star products, even with coordinate dependent 9 mn , can be used. For 
example one can try a construction similar to the one described in [28] by using the Rieffel 
product [29]. In this case, it is again possible to restrict the non-commutativity into just 
the extra dimensions. Then the only non-zero components of mn will be 8 56 = —8 65 . These 
components may be made to depend on 4D coordinates on the 3— brane and consequences 
of this position dependent non-commutativity can be analyzed. Works in the mentioned 
lines of research are still in progress. The NC gravity theories in higher dimensions have 
many promising avenues of research and it will be exciting to see whether they will help us 
to answer some of the profound questions in 4 dimensional cosmology. 
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